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Turning points and sub- and supercritical bifurcations in a
simple BWR model
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Abstract

Stability and semi-analytical bifurcation analyses of BWRs have been performed using a dynamical system approach. A
reduced order model of a BWR that includes simple neutronics as well as thermal hydraulics has been used. Analyses have
been carried out using a bifurcation analysis code, BIFDD, that carries out analytic–numeric stability and bifurcation analyses
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f set of ordinary differential equations and ODEs with delays. A large segment of the parameter space has been in
sing this very efficient tool. Stability boundaries are obtained in several two-dimensional parameter spaces. In ad
ature of bifurcation along these stability boundaries has also been determined. Results indicate that both subcritica
upercritical Poincaré–Andronov–Hopf bifurcations are likely to occur in regions of interest in parameter space.
In addition to the semi-analytical bifurcation studies, the governing equations have also been integrated numerical

onfirm the findings of the stability and bifurcation analyses. Numerical integrations, carried out for parameter values a
he stability boundary, further show that the bifurcation curves, in many cases of subcritical bifurcations, have a turning p
ifurcation curve in these cases extends back into the unstable region. These results show that it is possible to expelarge
mplitude stable oscillations in the unstable region infinitesimally close to the stability boundary. Moreover,large amplitude
table oscillations are also possible, following large but finite perturbations, in the stable region of the parameter space
tability boundary. These findings provide alternate explanation for the experimental and operational observations in B
ndicate the existence of stable limit cycle oscillations and the possibility of growing amplitude oscillations.

Results obtained here using a simple model suggest that further work along these lines, with more detailed models, i
dentify operating conditions and perturbation amplitudes that might lead to stable limit cycles or growing amplitude os
n current and next generation of BWRs.
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1. Introduction

Instabilities associated with two-phase flow as w
as the feedback mechanism between neutronics
thermal hydraulics specific to boiling water re
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tors (BWRs) make nuclear-coupled thermal hydraulics
(NCTH) analyses of current and next generation BWRs
an important research goal (March-Leuba and Rey,
1993; Anonymous, 1990; Rizwan-uddin, 1994). Today,
as a result of the concerted effort that started following
some of the early instability incidents in BWRs, insta-
bilities related to nuclear-coupled thermal hydraulics
are much better understood. Despite significant devel-
opment in the understanding of these instabilities and
in system codes capable of simulating them, instability
incidents have continued to be reported with regular
interval (Laguna Verde power plant in 1995 (Farawila
et al., 1996); Oskarshamn-3 in 1998 (Kruners, 1998)).
Though there are some common features, each inci-
dent is, in general, unique, caused by a unique set of
conditions. Hence, there is continued need to develop
better fundamental understanding of possible instabil-
ity scenarios, and conditions that lead to them. Such an
understanding will provide guidance in classification
of events in BWRs, and help in developing guidelines
to avoid them.

Past work has identified two features of NCTH insta-
bilities in BWRs that are relevant to event classification
purposes. First; BWRs can experience in-phase (core
wide) or out-of-phase (regional) NCTH oscillations
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(1) Time domain numerical simulations carried out
using large scale, high-fidelity codes such as
RAMONA, TRAB-BWR, TRACG, RETRAN,
TOSDYN-2, RELAP/PANBOX (Wulff et al.,
1992; Wulff, 1984; Giust and Moberg, 1991; Hotta
et al., 1999; Valtonnen, 1990; Shaug et al., 1990;
Araya et al., 1990; Takigawa et al., 1987; Takeuchi
et al., 1991; Jackson et al., 1999a, 1999b; Barber
et al., 1999) and others discussed in Ref. (March-
Leuba and Rey, 1993).

(2) Frequency domain analyses performed using
codes such as LAPUR, MATSTAB, NUFREQ-NP,
STAIF (Farawila et al., 1996; March-Leuba and
Blakeman, 1991; Otaduy and March-Leuba, 1989;
Peng et al., 1984; Hanggi et al., 1999), etc., or using
low dimensional models (Tsuji et al., 1993; Karve
et al., 1996, 1997a, 1997b; van Bragt and van Der
Hagen, 1998).

(3) Bifurcation analyses usually carried out with low-
dimensional models that are obtained after reduc-
ing the set of governing partial differential equa-
tions (PDEs) to a set of ordinary differential equa-
tions (ODEs) (Tsuji et al., 1993; March-Leuba et
al., 1986a, 1986b; Mũnoz-Cobo and Verd́u, 1991;
van Bragt et al., 1999, 2000).
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(March-Leuba and Blakeman, 1991). Second; som
NCTH instabilities in operating reactor cores and
controlled experiments in BWRs have resulted in
ble, finite amplitude oscillations (Farawila et al., 1996
Bergdahl et al., 1989; Gialdi et al., 1985), while oth-
ers led to oscillations with growing amplitude, u
stopped by automatic or manual scram (Kruners, 1998
Cheng et al., 1988). While in-phase and out-of-pha
oscillations can be predicted by linear analysis usi
detailed model of the core physics, analysis of the
ond phenomenon – which has received less atte
in the past – necessarily requires the set of no
ear equations either integrated numerically or stu
using analytical bifurcation techniques. Focus of
work is to identify possible scenarios within this s
ond feature of NCTH instabilities. Namely, to ident
conditions that lead to stable or unstable oscillati
characteristics of the resulting oscillations; to study
effect of initial conditions on the state to which
BWR evolves.

In general there have been three approaches to
lyze nuclear-coupled thermal hydraulics instabilitie
BWRs:
Since the goal of the current work is to identify a
distinguish possible instability scenarios and chara
istics of the resulting oscillations, frequency dom
analysis is an important first step. It however o
provides limited information. Time domain numeri
simulations using detailed models over large reg
of the multi-dimensional parameter space can pro
detailed behavior of the system dynamics. These, h
ever, are very laborious and not very practical
parametric studies. Hence, the approach used h
to perform extensive semi-analytical bifurcation an
yses using a low dimensional model of BWR an
guided by the results of these analyses – perform
ited numerical simulations to confirm and extend
results of the former.

For this purpose, a reduced order model has
used. This model (March-Leuba, 1986) has bee
used earlier byMarch-Leuba et al. (1986a)and
Muñoz-Cobo and Verd́u (1991). Current work exploit
the efficiency of general-purpose bifurcation a
dynamical system codes to explore semi-analytic
and numerically much larger regions in param
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space than studied earlier. Consequently, both sub-
and supercritical bifurcations, and turning points in
bifurcation diagrams have been found in some regions
of parameter space. These regions are not far from
those studied earlier (March-Leuba et al., 1986a;
Muñoz-Cobo and Verd́u, 1991) that had shown the
existence of only supercritical bifurcations.

It is realized that the use of a simple model will
not allow quantitative conclusions to be made. (Model
used here, for example, employs only the point
reactor kinetics equations for reactor physics, and
hence is incapable of simulating out-of-phase oscilla-
tions.) However, results obtained here and conclusions
reached based on those results, will allow and guide the
users of system codes – codes that are more faithful to
actual physics – to better understand and interpret their
results. In addition, these results will also help in better
characterization of oscillations measured in BWRs.

2. Background

This section is divided into two parts. A review of
related mathematical background and mathematically
possible scenarios is given first. Next, past work on
bifurcation analysis of BWRs is reviewed and ana-
l
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whereF: Rn × R → Rn is C∞ andλ is the bifurcation
parameter. Suppose that

F (0, λ) ≡ 0 (2)

So,x- = 0 is a steady-state solution (or fixed point) to
Eq.(1)for allλ. LetA(λ) = (dF)0,λ bethe n × n Jacobian
matrix of F along the steady-state solutions, and

(H-1). A(λ =λc) has simple eigenvalues±iω, and no
other eigenvalues lying on the imaginary axis.

(H-2). The eigenvalues ofA(λ) are of the form
σ(λ) ± iω(λ) and dσ(λ =λc)/dλ �= 0, i.e., the real parts
of the eigenvalues ofA(λ) cross the imaginary axis with
non-zero speed asλ crossesλc.

If Eq. (1) satisfies(H-1) and (H-2)then there is
an (L + 1)-parameter family of periodic orbits of Eq.
(1) bifurcating from the steady-state solutionx- = 0 at
λ =λc, whereL is the number of auxiliary parameters
besidesλ.

Although the original proof by Hopf involved ad
hoc asymptotic analysis techniques, the theorem can
be proved by a direct application of the center manifold
theorem and normal form theorem (Guckenheimer and
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.1. Mathematical background

Existence of stable or unstable periodic solut
o a set of nonlinear ordinary differential equati
a dynamical system) was proved byHopf (1942a
942b). Recognizing earlier contributions by Poinće
nd Andronov, the theorem is sometimes ca
oincaŕe–Andronov–Hopf (PAH) bifurcation theore

Hale and Koc¸ak, 1991). This theorem guarantees
xistence of periodic (stable or unstable) solution
onlinear differential equations if certain conditio
re satisfied (Hassard et al., 1981; Guckenheimer
olmes, 1983; Wiggins, 1990; Nayfeh and Balach
ran, 1995; Golubitsky and Schaeffer, 1984).

.1.1. Poincaré–Andronov–Hopf bifurcation
The theorem statement is reproduced be

Golubitsky and Schaeffer, 1984). Consider a
utonomous system of ODEs:

dx-
dt

= F (x-, λ) (1)
Holmes, 1983; Golubitsky and Schaeffer, 1984). The
theorem also has been extended to classes of
and functional differential equations (Hassard et al
1981; Guckenheimer and Holmes, 1983; Golubi
and Schaeffer, 1984; Hale, 1977). Detailed analysis o
the theorem shows that the periodic solutions exis
either λ >λc, or λ <λc or λ =λc. For the case whe
all the eigenvalues ofA(λ) have negative real parts f
λ >λc (i.e., if λ >λc is the stable region), the period
solutions are stable if they exist forλ <λc, and unsta
ble if they exist forλ >λc. Stability for λ =λc case is
not, in general, determined automatically by the P
theorem. The stability of the periodic solutions is de
mined by the Floquet theory of differential equati
with periodic coefficients (Hopf, 1942a, 1942b; Golu
bitsky and Schaeffer, 1984). Floquet theory is based
linear analysis and hence, stable solutions obtain
a result of invoking the PAH bifurcation are proven
be stable only for small perturbations.

In simpler terms the theorem implies that perio
solutions to the nonlinear differential equations e
for parameter valuesλ if atλ =λc a pair of complex con
jugate eigenvalues of the Jacobian matrix has zero
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Fig. 1. Sub- and supercritical PAH bifurcations. Periodic solutions in subcritical case are unstable, and those in supercritical case are stable.

part while all others are away from, and to the left of, the
imaginary axis, and the derivative of the real part of the
pair of eigenvalues on the imaginary axis with respect to
λ is non-zero. These periodic solutions only exist either
on the stable side (all eigenvalues with negative real
parts) or on the unstable side (one pair of complex con-
jugate eigenvalues with positive real parts). Transition
from a fixed point to a fixed point and a periodic solu-
tion (limit cycle), for the case whenλ >λc is the stable
region, is shown schematically inFig. 1(a) and (b). The
case of subcritical PAH bifurcation, shown inFig. 1(a),
has unstable periodic solutions (repeller limit cycles)
for λ >λc. Hence, forλ >λc perturbations of ampli-
tude less than the amplitude of the parabola will decay
to zero and perturbations of amplitude greater than the
limit cycle amplitude will be repelled by the limit cycle
and hence will move away from the steady-state “sta-
ble” fixed point as well as from the unstable limit cycle.
Hence, in this case the fixed point will be stable for suf-
ficiently small perturbations. On the other hand, in the
supercritical PAH bifurcation case, shown inFig. 1(b),
there exist stable limit cycles in the unstable region,
and hence small perturbations grow and stabilize at the
limit cycle, while perturbations with amplitude larger
than the limit cycle radius can decay onto the limit
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to determine the oscillation amplitude close to the sta-
bility boundary, additional (bifurcation) analyses are
necessary. Such bifurcation studies are usually per-
formed in one of two ways: by numerically integrating
the set of governing equations or analytically. Numeri-
cal methods and codes for numerical integration of set
of ODEs are well known. Software packages are also
available for PCs that allow efficient determination of
parametric dependence and the effects of initial condi-
tions. Second approach – analytical bifurcation – often
involves some form of asymptotic expansion method,
one of which is explained below. (An alternative ana-
lytical approach is to reduce the model to the Poincaré
normal form via the center manifold theorem.)

2.1.2. Lindstedt–Poincaré asymptotic expansion
analysis

In this technique, to account for the frequency
dependence on the nonlinear terms, both, the depen-
dent variablex- as well as the frequencyω are expanded
in powers of a small parameterε as (Nayfeh and Bala-
chandran, 1995):

x- = εx-1 + ε2x-2 + ε3x-3 + · · · (3)

1 1 2

into
ts
cycle, depending upon the size of the perturbation
the basin of attraction of the stable limit cycle.

In summary, crossing a stability boundary betwe
region with no eigenvalues with positive real parts
a region with one pair of complex conjugate eigen
ues with positive real parts implies PAH bifurcati
Such a stability boundary can be easily determine
a linear analysis. However, to determine the natu
the bifurcation (sub-critical versus supercritical)
ω
=

ω0
+ ετ1 + ε τ2 + · · · (4)

By defining a new timeθ as,θ =ωt, the relationship
betweent andθ becomes

t =
(

1

ω0
+ ετ1 + ε2τ2 + · · ·

)
θ (5)

Eq.(5), when used in the asymptotic analysis, takes
account the correction in frequency. The coefficienτi
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Fig. 2. Small parameterµ of the asymptotic expansion analysis in
a–λ plane.

(i = 1, 2, 3, . . .) are determined in the course of the
analysis by requiring the expansion ofx- to be uniform
for all θ.

In general there may not be a relevant small parame-
ter in the description of the NCTH problem, and hence,
one must be introduced. Realizing that the asymptotic
analysis is carried out by perturbing about the solu-
tion on the stability boundary and it will hence be valid
only for operating points near the stability boundary, a
small quantityµ is defined as the distance parallel to the
bifurcation axis from the operating point to the stability
boundary. For example, in thea–λ space inFig. 2:

µ = λop.pt − λc (6)

where λ is the bifurcation parameter anda is any
other parameter. Here, for a given set of values of
other parameters,λop.pt is the value of the bifurcation
parameter at the operating point near the stability
boundary, andλc is its value on the stability boundary.
The parameterµ, following the PAH theorem, is an
analytic function ofε and can be expanded as

µ = εµ1 + ε2µ2 + · · · (7)

Substituting Eq.(7) in Eq.(6) yields:

λ 2

T the
p e
s ns)
i

β

D the
a y

of equations in powers ofε, and repeated application
of the Fredholm alternative theorem. The parameters
µ1, τ1 andβ1 are found to be identically zero. Hence,
µ2, τ2 andβ2 are evaluated to determine the nature
of the bifurcation. Truncating the expansions at the
second order allows the evaluation of the oscillation
amplitudeε from

ε ≈
√

µ

µ2
=

√
λop.pt − λc

µ2
(10)

Moreover, the first order solution for the first
component inx- is given by

x1 = ε cos(θ) (11)

Evaluation ofµ2, τ2 andβ2, even for reduced order
simple models, is a very tedious task and quickly
becomes almost impossible with increasing order
of the model. Another drawback of the analytical
bifurcation studies is that each is specific to a bifur-
cation parameter, and must be repeated if the impact
of a different parameter is to be studied. Due to
the limitations on the two approaches (numerical
integration and analytical bifurcation studies), there
has been limited investigation of the large parameter

lly
hes
et of
cally
the

,

of
rpose

eric
ith
Es
trix,
tion
scil-
ical
the
op.pt = λc + (εµ1 + ε µ2 + · · ·) (8)

he parameter that determines the stability of
eriodic solutions,β (which is different from the sam
ymbol used later for the fraction of delayed neutro
s also similarly expanded in powers ofε:

= εβ1 + ε2β2 + · · · (9)

etails of the analysis involve substitution of
bove equations into Eq.(1) leading to a hierarch
space even in simple models of BWRs.

2.1.3. Semi-analytical local bifurcation analysis
Analytical bifurcation carried out numerica

is an attractive alternative to the two approac
described above. In this approach the governing s
nonlinear equations are neither integrated numeri
in time nor treated entirely analytically. Rather,
analytical reduction to the Poincaŕe normal form via
the center manifold theorem is carried outnumerically
(Hassard, 1986; Hassard, 1987). This approach
which will henceforth be called theanalytic–numeric
approach, allows accurate and efficient evaluation
the entire parameter space of interest. General-pu
bifurcation codes such as BIFDD (Hassard, 1987)
have been developed to perform analytic–num
bifurcation analysis of set of ODEs and ODEs w
delays. For a given set of nonlinear ODEs (or OD
with delays) and the corresponding Jacobian ma
the code determines the critical value of the bifurca
parameter, nature of the bifurcation, and the o
lation amplitude when operating close to the crit
value. BIFDD allows any parameter of choice in
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model to be selected as the bifurcation parameter,
and hence the entire parameter space can easily be
spanned.

Bifurcation analysis when carried out analytically
or via an analytic–numeric approach, yields – for all
other parameters fixed – the critical value of the bifur-
cation parameterλ =λc, frequency of oscillationω0
corresponding to the critical value, and parametersµ2,
τ2 andβ2. A negative (positive) value ofβ2 indicates
a supercritical (subcritical) PAH bifurcation, i.e., sta-
ble (unstable) limit cycle oscillations as the bifurcation
parameter is varied across the critical value.τ2 is a
correction factor to the oscillation frequency, andµ2
relates the oscillation amplitude to the value of the
bifurcation parameter through Eq.(10). In the imme-
diate vicinity of the critical value, PAH bifurcation
theorem predicts the oscillation amplitude to rise as
(λ–λc)1/2.

By incrementally varying a second parameter and
repeating the calculations for the critical value of the
bifurcation parameter, one can easily generate stability
boundaries and determine the nature of the bifurcation
along those boundaries in two-dimensional parameter
spaces. This can further be extended easily to generate
stability-surfaces in three or higher dimensional param-

ear
mit
ory.
eter
the
s.
ary
set

rical
the
the

eri-
tem
ues.
may

for
-

ns
ad a

Fig. 3. Subcritical bifurcation with a turning point. Upper branch is
stable.

branch of stable periodic solutions exists on top of the
unstable branch predicted by the PAH theorem. This
suggests that even in the stable region close to the sta-
bility boundary (before the turning point), after a large
enough perturbation, the system would evolve to large
amplitude stable limit cycle. Hence, it provides assur-
ance that the rising amplitude oscillations predicted by
the PAH theorem under these conditions are actually
bounded and saturate at a stable limit cycle. Also, in
this case, the system when operating in the unstable
region infinitesimally close to the stability boundary
will evolve to large amplitude stable oscillations. One
difference between such a subcritical case (with a
turning point) and supercritical PAH bifurcation is that
the oscillation amplitude in the latter case at a point in
the unstable region infinitesimally close to the stability
boundary isinfinitesimally small, while the former case
leads tolarge amplitude stable oscillations (compare
Figs. 1(b) and 3for λ close to but less thanλc). Hence,
appearance in operating systems of large amplitude
stable oscillations after relatively small change in
parameter values suggest the possibility of subcrit-
ical PAH bifurcation coupled with a turning point
(rather than supercritical PAH bifurcation). Additional
scenarios in bifurcation diagrams with more than

ics
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eter spaces.

2.1.4. Beyond (local) bifurcation
As stated earlier, PAH theorem is based on lin

analysis. Moreover, the stability of the resulting li
cycle is determined using a linear (Floquet) the
Hence, these results are valid only for param
values close to the stability boundary (where
small parameter issmall), and for small perturbation
System dynamics away from the stability bound
can be determined by numerically integrating the
of nonlinear ODEs. Results obtained using nume
integration can be used to estimate the width of
strip adjacent to the stability boundary over which
(local) analytical bifurcation results are valid. Num
cal integrations also predict additional (global) sys
dynamics that cannot be predicted by local techniq
For example, in some cases, the bifurcation curve
have one or more turning points. One such diagram
subcritical bifurcation is shown inFig. 3. The bifurca
tion diagram, in this case, has a turning point atλ =λc,t.
Hence, for λ >λc,t, the unstable periodic solutio
predicted by the PAH theorem cease to exist. Inste
one turning point are also possible (Hale and Koc¸ak,
1991).

2.2. Past work on bifurcation analysis

The seminal bifurcation study of BWR dynam
by March-Leuba et al. (1986a, 1986b)was carried
out entirely numerically. Similar studies on stabi
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of two-phase flow in heated channels (no neutronics)
have also been carried out (Clausse and Lahey, 1991;
Takenaka et al., 1991). Such numerical studies, being
very time consuming, are restricted to small regions in
parameter space. First analytical bifurcation study of
two-phase flow stability without neutronics (using the
homogeneous equilibrium model), was byAchard et
al. (1985). This was later extended byRizwan-uddin
and Dorning (1986), who analyzed uniformly and non-
uniformly heated channels using the drift flux model to
represent the two-phase flow. Fornuclear-coupled ther-
mal hydraulic instabilities, this approach has been used
by Muñoz-Cobo and Verd́u (1991), Tsuji et al. (1993),
and byvan Bragt et al. (1999, 2000). The drawback of
the fully, “analytical” approach – like that performed
by Muñoz-Cobo and Verd́u (1991)– is that the alge-
braic complexity increases rapidly with the number of
equations. To avoid cumbersome algebra,Tsuji et al.
(1993)used a computer code called BIFOR2 (Hassard,
1986), and showed that the bifurcation, under certain
conditions, is subcritical. A successor to BIFOR2,
called BIFDD (Hassard, 1987), was used by van Bragt,
Rizwan-uddin and van Der Hagen for bifurcation anal-
ysis of nuclear-coupled thermal hydraulics in natural
circulation BWRs (van Bragt et al., 1999, 2000). Bifur-
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works are discussed in some detail here.March-Leuba
et al. (1986a)used a reduced order, five-equation, phe-
nomenological model to study the nonlinear dynamics
of BWRs. The model was customized by fitting
parameters in the model to yield the transfer function
measured from operating BWRs. Authors fitted the
model with a set of parameter values that lead to the
transfer function corresponding to the transfer function
of test 7N of the Vermont Yankee reactor. Keeping all
other parameters in this model fixed and systematically
varying one parameter, vianumerical integration they
showed that after the stability threshold is crossed,
stable limit cycle oscillations appear followed by a
cascade of period doubling bifurcations, leading to
chaos. The authors chose the parameter that controls
the feedback gain to be the bifurcation parameter. This
parameter, represented byk, is proportional to the void
reactivity coefficient and fuel heat transfer coefficient.
Muñoz-Cobo and Verd́u performed ananalytical local
bifurcation analysis of the same five-equation model
with k (they called ita3) as their bifurcation parameter.
The analysis results in the Poincaré normal form of the
five-equation model, and yields information regarding
the nature of bifurcation at the critical point (without
numerical integration). Mũnoz-Cobo and Verd́u also
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ecently been reported (Zhou and Rizwan-uddin, 200
004, 2005; Dokhane et al., 2002, 2003a, 2003b). How-
ver, they are restricted to stability and “local” bifur
ion analyses. Turning points have not been a foc
ny of these studies. Work reported here is also im

ant since it is based on exactly the same model
as first used byMarch-Leuba et al. (1986a)to study
onlinear dynamics and chaos in a BWR.Muñoz-Cobo
nd Verd́u (1991)also based their bifurcation study

he same model. That analysis was however restr
o study the impact of a single parameter on
ifurcation characteristics of the model. Current w
xtends these earlier analyses in two specific way
y carrying out stability and bifurcation analyses
hich any model parameter can be used as the b
ation parameter; (2) showing the existence of tur
oints in the bifurcation diagram using numer

ntegration.
Since the BWR model used in this study is

ame as that used byMarch-Leuba et al. (1986a)and
ater used byMuñoz-Cobo and Verd́u (1991) in an
nalytical counterpart of part of that analysis, these
determined the bifurcation to be supercritical and he
confirmed the results obtained (March-Leuba et al
1986a).

Tsuji et al. (1993)on the other hand, using a d
ferent BWR model operating under operating co
tions different from those studied (March-Leuba e
al., 1986; Mũnoz-Cobo and Verd́u, 1991) found the
nature of bifurcation to be subcritical.Karve et al
(1997a, 1997b)also determined the bifurcation in
model they developed for out-of-phase oscillation
BWRs to be subcritical. Since the studies that
dicted supercritical PAH bifurcation and those t
predicted subcritical PAH bifurcations used differ
NCTH models, it is not straightforward by comp
ing these studies to determine the parametric de
dence of bifurcation. Within the context of a sin
model, researchers have usually restricted their b
cation studies to a narrow region of the param
space, and hence have reported either sub- or s
critical PAH bifurcations. Therefore, to resolve
issue of the parametric dependence, relatively l
regions of the parameter space of a BWR model mu
explored.
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3. Model

The phenomenological model of BWR used
(March-Leuba et al., 1986; Muñoz-Cobo and Verd́u,
1991) is given by

dn(t)

dt
= ρ(t) − β

Λ
n(t) + λc(t) + ρ(t)

Λ
(12)

dc(t)

dt
= β

Λ
n(t) − λc(t) (13)

dT (t)

dt
= a1n(t) − a2T (t) (14)

d2ρα(t)

dt2
+ a3

dρα(t)

dt2
+ a4ρα(t) = kT (t) (15)

Here the reactivityρ(t) =ρα(t) + DT(t), ρα(t) is excess
void reactivity feedback, and each of the phase variable
represents deviation relative to its steady-state value.
Hence,n(t) = (N(t)–N0)/N0, etc. (March-Leuba et al.,
1986a). Replacing Eq.(15)by

dρα(t)

dt
= ρt(t) (16)

dρt(t)

dt
= −a3ρt(t) − a4ρα(t) + kT (t) (17)
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parameters can be selected as thesecond (incremented)
parameter. Numerical integration of the dynamical sys-
tem was carried out using WINPP, a dynamical system
analysis program for personal computers (Ermentrout,
1996).

4. Results and discussion

4.1. Analytic–numeric bifurcation studies

The program BIFDD, for each value of the incre-
mented parameter, calculates the critical value of the
bifurcation parameter (point on the stability bound-
ary), frequency corresponding to the critical value, and
expansion parametersµ2 τ2 andβ2. Using Eq.(8), the
program also calculates the value of the bifurcation
parameter at which the oscillation amplitude will have
a user-specified valueε.

Unless explicitly stated otherwise, set of parame-
ters originally are used byMarch-Leuba et al. (1986a).
These are: ξ

1
= [k, 25.04, 0.23, 2.25, 6.82, −2.52e

−5]T and ξ
2

= [0.0056, 4.0e− 5, 0.08]T. For these
parameter values the critical value ofk, the bifurcation

−1 −2

mat-
am-
sent
n the
the
mall
e the
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yields the set of five, nonlinear, first order ordinary
ferential equations (Eqs.(12)–(14), (16) and (17)). This
phenomenological model is based on a one-point r
sentation of reactor kinetics, a one-node represent
of heat transfer in the fuel, and a two-node represe
tion of the channel thermal hydraulics.

The vector of unknown phase variables [n, c, T,
ρα, ρt]T will be represented byx-(t), and the vec
tor of parameters is divided up into two grou
ξ

1
= [k, a1, a2, a3, a4, D]T, andξ

2
= [β, Λ, λ]T. Full-

power operating (fixed) point corresponds tox- =
[0, 0, 0, 0, 0]T. Jacobian of the above set of equati
can be easily evaluated.

A user-defined function is written to numerica
evaluate the right hand side of the set of nonlin
ODEs as well as its Jacobian. Subroutine BIFDD c
this function as needed. A main program is written
allows selection of any one of the nine parameters a
bifurcation parameter. It also allows the selection
second parameter, which is to be incremented in s
steps allowing repeated evaluation of the critical v
of the bifurcation parameter. Any of the remaining e
parameter, is determined to be−3.7036e−3 (K s ),
which compares very well with the value of−3.7e−3
reported (March-Leuba et al., 1986).

Stability and bifurcation analyses are then syste
ically performed choosing a design or operating par
eter as the bifurcation parameter. In figures that pre
results in 2D parameter spaces, the parameter o
horizontal axis is the bifurcation parameter while
parameter on the vertical axis was incremented in s
steps. Shown are the stability boundaries that divid
parameter space in to stable and unstable regions
the results of the bifurcation analysis. Results of
bifurcation analysis are in the form of constant am
tude oscillation curves plotted for oscillation amp
tude of 5, 10 and 15% (of the steady-state value),
ε = 0.05, 0.10 and 0.15. Due to dramatically diff
ent scales of the bifurcation parameter for the stab
analysis and for the bifurcation analysis, the bifur
tion results are presented in parameter space w
the y-axis is the stability boundary. The curves r
resent supercritical PAH bifurcation when they are
the unstable side of the stability boundary (y-axis), and
subcritical PAH bifurcation when on the stable side
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Fig. 4. Stability boundary ina3–k plane and results of the bifurcation analysis ina3–(k–kc) plane; (k–kc) = 0 is the stability boundary.

Fig. 4(a) shows the stability boundary in the
a3–k plane. Corresponding bifurcation diagram in
a3–(k–kc) plane (Fig. 4(b)) shows that for 0 <a3 < 0.40
and 5.2 <a3 < 6, subcritical PAH bifurcation is pre-
dicted. Supercritical PAH bifurcation is predicted
for 0.4 <a3 < 5.2. Similar results are presented in
Figs. 5–15 in other two-dimensional parameter
spaces. Parameterk is set equal to−0.0037 in
Figs. 8, 9 and 11–15. In some cases, such as inFig. 10,
only supercritical PAH bifurcation is found over the
range of parameter values studied. Results presented
in Fig. 10(a) are actually trivial since it is known
that the stability boundary ina1–k plane is given by
a1k = constant. However, growth in oscillation ampli-
tude as the operating point is moved away from the
stability boundary depends upon particular combina-
tion of a1 andk. Amplitude, as shown inFig. 10(b),

increases much faster witha1 for lower values ofk
than it does for larger values ofk.

Past studies, being restricted to only one set of values
for all parameters other than the bifurcation parameter,
only reported a single critical (bifurcation) value of
the bifurcation parameter, and consequently only one
kind of bifurcation (sub- or supercritical) was found.
In the present study, determination of the critical value
of the bifurcation parameter as a second parameter is
incremented has allowed to unfold the bifurcation point
(critical value) in a second dimension, allowing both
kinds of bifurcations to be determined and presented in
two-dimensional parameter spaces. Results presented
here clearly show the parametric dependence of the
nature of bifurcation. For example, bifurcation changes
from supercritical to subcritical as the absolute value
of D (Doppler feedback) is increased (Figs. 7 and 15).

furcatio
Fig. 5. Stability boundary ina2–k plane and results of the bi
 n analysis ina2–(k–kc) plane; (k–kc) = 0 is the stability boundary.
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Fig. 6. Stability boundary ina4–k plane and results of the bifurcation analysis ina4–(k–kc) plane; (k–kc) = 0 is the stability boundary.

Fig. 7. Stability boundary inD–k plane and results of the bifurcation analysis inD–(k–kc) plane; (k–kc) = 0 is the stability boundary.

Fig. 8. Stability boundary ina3–a2 plane and results of the bifurcation analysis ina3–(a2–a2,c) plane; (a2–a2,c) = 0 is the stability boundary.
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Fig. 9. Stability boundary ina4–a2 plane and results of the bifurcation analysis ina4–(a2–a2,c) plane; (a2–a2,c) = 0 is the stability boundary.

Fig. 10. Stability boundary ink–a1 plane and results of the bifurcation analysis ink–(a1–a1,c) plane; (a1–a1,c) = 0 is the stability boundary.

Fig. 11. Stability boundary ina2–a1 plane and results of the bifurcation analysis ina2–(a1–a1,c) plane; (a1–a1,c) = 0 is the stability boundary.
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Fig. 12. Stability boundary ina3–a1 plane and results of the bifurcation analysis ina3–(a1–a1,c) plane; (a1–a1,c) = 0 is the stability boundary.

Fig. 13. Stability boundary ina4–a1 plane and results of the bifurcation analysis ina4–(a1–a1,c) plane; (a1–a1,c) = 0 is the stability boundary.

Fig. 14. Stability boundary ina4–a3 plane and results of the bifurcation analysis ina4–(a3–a3,c) plane; (a3–a3,c) = 0 is the stability boundary.
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Fig. 15. Stability boundary inD - a3 plane and results of the bifurcation analysis inD–(a3–a3,c) plane; (a3–a3,c) = 0 is the stability boundary.

Several other similar parametric dependencies can be
easily concluded fromFigs. 4–15.

It should be remembered that the model used here
only allows qualitative conclusions to be drawn. How-
ever, if the reduced order model is qualitatively faithful
to the nonlinear aspects of the system it is intended
to simulate, thereal transition points between sub-
and supercritical bifurcations in parameter space are
expected to be inside a strip centered at the transition
point as determined using the reduced order model.

4.2. Numerical studies

The set of five nonlinear ODEs (Eqs.(12)–(14), (16)
and (17)) are integrated numerically using the GEAR
algorithm to determine the system behavior at param-
eter values away from the stability boundaries, and
for the effect of perturbation amplitude on the final
state to which the system evolves.Fig. 16(a)–(c) show
some typical evolution of the normalized neutron num-
ber density,n(t). In each case the initial condition is,
x-(t = 0) = [1, 1, 10, 0]T. The sequence of period dou-
bling bifurcation leading to chaos first reported (March-
Leuba et al., 1986) was also reproduced.

Numerical integrations were carried out for several
s , cor-
r re.
F is
p lue
o
i with
x n
c

Fig. 16. Three typical evolutions of the excess neutron number den-
sity.

perturbation case.Fig. 17shows the evolution of the
neutron number density for two different sets of initial
conditions (same parameter values).k for both cases is
−0.00983 (>kc). Hence, the operating point is in the
ets of parameter values. Results for three of these
esponding toFigs. 4, 6 and 12, are presented he
or a3 = 5.5, Fig. 4 shows that bifurcation analys
redicts a subcritical PAH bifurcation. Critical va
f k = kc =−0.009859. Also,k > kc is stable andk < kc

s unstable. Results reported here were obtained

-(t = 0) = [5, 5, 0.1, 0, 0]T for the small perturbatio
ase, andx-(t = 0) = [100, 10, 0.1, 0, 0]T for the large
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Fig. 17. Subcritical bifurcation case. (a) Small amplitude perturba-
tion decays to the stable fixed point. (b) Large amplitude perturbation
evolves to the stable limit cycle.k anda3 for both cases are−0.00983
and 5.5, respectively.

stable region. Results of the numerical integration with
small perturbation,Fig. 17(a), confirm the findings of
the BIFDD results. Here, the initial condition – being in
the basin of attraction of the stable fixed point – decays,
though very slowly, to the fixed point. Moreover, as
shown inFig. 17(b), when the initial condition is out-
side the basin of attraction of the stable fixed point, the
system evolves to a large amplitude stable limit cycle
(with oscillation amplitude of about 3.2), suggesting
that there is a turning point in the bifurcation diagram.
Further numerical integrations show that the turning
point occurs at ak value that lies between−0.00982 and
−0.00981. Evolution fork slightly less that the critical
value (k =−0.01 <kc =−0.009859), even when start-
ing from a very small perturbation, shows the existence
of a large amplitude stable limit cycle with oscilla-
tion amplitude of approximately 6.8, suggesting that
theturned-around bifurcation curve continues into the
unstable region. Numerically determined bifurcation
diagram is shown inFig. 18. Not shown inFig. 18is
the data point corresponding tok =−0.011 which leads
to stable oscillations with an amplitude of about 19.

A similar set of numerical integrations fora4 = 5
(supercritical case,Fig. 6) shows that there is a
sequence of period doubling bifurcations, ask is

Fig. 18. Bifurcation diagram for subcritical case with a turning point.
Lower branch is schematic. Data points on the upper branch are
calculated by numerically integrating the governing equations.

Leuba et al., 1986). However, fora4 = 0.6 (subcritical
case,Fig. 6) there is a turning point in the bifurcation
diagram, similar to that shown inFig. 18(k being the
bifurcation parameter), that lies between 0.0060 and
0.0065.

Analytically predicted oscillation amplitudes are
compared with the numerical predictions inFig. 19.
Oscillation amplitude for three different values ofa3
(a3 = 1.0, 3.0 and 5.5 inFig. 12), predicted by the semi-
analytical bifurcation analysis, is plotted as a function
of the distance from the stability boundary (into the
unstable region). Oscillation amplitudes are calculated
using Eq.(10), which is a result of a local analysis and
is expected to be valid forsmall values ofε. Also shown
are curves with data symbols on them (connected by

sta-
ons.
ically.
changed, similar to that found fora4 = 6.25 (March-
Fig. 19. Oscillation amplitude as a function of distance from the
bility boundary. Curves without symbols are analytical predicti
Curves with symbols are discrete data points determined numer
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straight lines) that represent oscillation amplitude pre-
dicted by numerical integrations. Oscillation amplitude
for numerical simulations is defined as the average
of the absolute values ofnmax andnmin over a cycle
wheren is the excess neutron number density. Note that
the agreement between the results of the local bifurca-
tion analysis and the numerical integration, fora3 = 3.0
case, is fairly good for oscillation amplitude as large as
0.5. It is interesting to note that analytically predicted
oscillation amplitude continues to agree fairly well with
the numerically determined oscillation amplitude even
when the stable limit cycles cease to be sinusoidal. For
example, fora3 = 3.0 anda1–a1,c= 1.21, the limit cycle
oscillations are similar to those shown inFig. 16(b), i.e.,
fairly asymmetric about the nominal value of neutron
density. However, despite this asymmetric limit cycle,
the analytical prediction of∼0.57 for the amplitude
of the (symmetric) limit cycle agrees fairly well with
the value of∼0.6 predicted by numerical integration.
Numerical results further show that, as predicted by
the bifurcation analysis (Fig. 12), the oscillation ampli-
tude rises faster as a function ofa1 for a3 = 1.0 and 5.5
than it does fora3 = 3.0. Another interesting feature
to note is that numerical integrations fora3 = 3.0 case
can be carried out for (a1–a1,c) as large as 1.2, and
l ster
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a turn-
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and growing amplitude oscillations in a strip on the
stable side of the stability boundary (if bifurcation is
subcritical, and perturbation amplitude is larger than
the basin of attraction of the stable fixed point). These
results are confirmed by numerical integration of the
set of ODEs.

Comparison of oscillation amplitude predicted by
the semi-analytical bifurcation analysis and by numer-
ical integration showed that in some regions of param-
eter space the results of the bifurcation (local) anal-
ysis continue to agree with the (global) numerical
integration results even for relatively large amplitude
oscillations. Numerical integrations further show that
bifurcation diagrams, in many cases of subcritical PAH
bifurcation, have a turning point, thus implying that
growing amplitude oscillations in the subcritical strip
adjacent to the stability boundary (on the stable side)
are nevertheless bounded.

Operational parameters in the model used (at least
k, a1, a2 and D) have direct physical significance,
and hence results presented inFigs. 4–15can be used
to deduce parametric dependence of bifurcation on
these physically relevant parameters. However,phys-
ical explanation of transition from sub- to supercritical
bifurcation (or vice versa) as a physical parameter is
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Envi-
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ead to stable limit cycles. On the other hand for fa
ncreasing amplitude cases ofa3 = 1.0 and 5.5 stab
imit cycles were found for (a1–a1,c) up to about 0.8
nd 0.4, respectively, suggesting the existence of

ng points in these two cases.

. Summary and conclusions

Taking advantage of general-purpose codes
nalytic–numeric bifurcation, and those develope
fficiently perform numerical integrations on P
WR dynamics has been studied using a simple m
onsisting of five first order ODEs. Stability boun
ries are obtained in several two-dimensional pa
ter spaces. Results of the bifurcation analysis a

hese stability boundaries clearly show that there
egions in parameter space where the model pre
ubcritical PAH bifurcation, and other regions wh
upercritical PAH bifurcation is predicted. Hence,
odel shows the possibility of stable periodic os

ations in a strip on the unstable side of the stab
oundary (in case of supercritical PAH bifurcation
changed remains a challenge.
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