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Abstract

An extended reduced order model is presented and applied to analyze global and regional oscillations in BWRs. Stability and semi-
analytical bifurcation analyses are performed using this model in conjunction with the bifurcation code BIFDD to determine the stability
limits for both in-phase and out-of-phase oscillation modes and the nature of Poincaré–Andronov–Hopf bifurcation. The results
obtained show that both sub- and supercritical PAH bifurcations are encountered in different regions of the parameter space.

An in-depth investigation of the properties of the elements of the eigenvectors associated with these two modes of oscillation is carried
out. Results show that these eigenvectors provide information as regards the corresponding oscillation mode (in-phase or out-of-phase)
without solving the set of system ODEs. The analysis clearly brings out the fact that in-phase and out-of-phase oscillations are whole-
system mechanisms. A clear distinction is thereby made between these oscillation modes, on the one hand, and the fundamental and first
azimuthal neutronics modes on the other hand.
� 2007 Published by Elsevier Ltd.
1. Introduction

1.1. Motivation and scope of the present research

Two kinds of power oscillations have been observed in
BWRs: in-phase oscillations, where neutron flux oscilla-
tions are in-phase at all the fuel bundles in the core, and
regional or out-of-phase oscillations, where neutron flux
one half of the core oscillates out-of-phase with respect
to that of the other half. Because of the strong coupling
between the neutronics and the thermal-hydraulics via
the void and Doppler feedback reactivities, BWR instabil-
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ities are also called nuclear-coupled-thermal-hydraulic
instabilities.

In the context of nonlinear system analysis, an isolated
periodic solution of the set of equations (self-sustained
oscillations, also termed a limit cycle) can bifurcate under
variation of one or more system parameter(s). The investi-
gation of such system behavior is the principal objective of
nonlinear stability and bifurcation analysis. So far, Poin-
caré–Andronov–Hopf (PAH) bifurcation is the main type
of bifurcation that has been encountered during BWR
bifurcation analysis.

Stability analysis of BWRs is usually carried out using
large system codes (e.g. RAMONA (Wulf et al., 1984)) that
simulate the nuclear power plant behavior with a high
degree of modeling detail (Hennig, 1999). Because of the
large computational effort required, system codes cannot
in practice be employed for a detailed investigation of
the complete manifold of solutions of the set of nonlinear
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Nomenclature

c1mn, c2mn void and Doppler feedback reactivity coeffi-
cients, respectively

C0 radially non-uniform void distribution para-
meter

Fr Froude number
Im imaginary part
J Jacobian matrix
Nf friction number
Npch phase change number
Nsub subcooling number
PAH Poincaré–Andronov–Hopf
Re real part
ROM reduced order model
SB stability boundary
T temperature
Vgj drift velocity
a1(t), a2(t) phase variables: coefficients of the linear and

quadratic terms in the single-phase enthalpy
profile expression, respectively

cq ratio between the volumetric heat generation
rate and the neutron number density of the fun-
damental mode

Kinlet, Kexit inlet and exit pressure loss coefficients,
respectively

n neutron number density
rc, rg, rp clad, gap, and fuel pellet, radius, respectively
s1(t), s2(t) phase variables: coefficients of the linear and

quadratic terms in the quality profile expression,
respectively

t time

v coolant velocity
x quality
z channel axial spatial coordinate
DPext external pressure drop
Um delayed neutron precursor of mode m

q density
K neutron generation time
x oscillation frequency
a void fraction
b delayed neutron fraction
k precursor decay constant
r Jacobian-eigenvalue real part
l boiling boundary
n volume factor
qmn feedback reactivity for the coupling between

mode m and n

Subscripts
1/, 2/ single-phase, two-phase, respectively
avg average
ext external
l channel number 1or 2
in in-phase
out out-of-phase
sat saturation
0 fundamental mode
1 first azimuthal mode

Superscript

� steady-state value
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differential equations. In this context, so-called reduced-
order models (ROMs) become necessary. Such models con-
tain a minimum number of system equations describing the
physical phenomena of interest with adequate sophistica-
tion, but the geometrical complexity is reduced (e.g. with
a few-channel model).

A decisive advantage of a ROM is the possibility of
using so-called semi-analytical methods to carry out bifur-
cation analysis (see Section 1.2). In such an analysis, com-
plete information is obtained concerning the type of
instability (in-phase or out-of-phase), the type of PAH
bifurcation (sub- or supercritical) and many other charac-
teristics without solving the corresponding set of system
differential equations.

The main objective of the current research is to employ
ROMs with the goal of obtaining new insights into the
basic physical phenomena underlying BWR instabilities.
This objective is achieved through the development of an
extended BWR ROM and its application to performing
semi-analytical bifurcation analysis and direct numerical
integration.
The achievement of this objective is of practical interest
to BWR owners because of the recently raised question
concerning the extent to which the usually very conserva-
tively defined, so-called exclusion region in the operational
power-flow map (Hennig, 1999) could be shrunk, or even
eliminated. In order to be able to reduce this region, how-
ever, the stability behaviour within it needs to be known in
detail, viz. the operational points inside the exclusion
region have to be analysed in as complete a fashion as
possible.

1.2. Reduced order modelling and bifurcation analysis

A wide range of analytical reduced order models have
been developed for BWRs in the past (March-Leuba
et al., 1986a,b; March-Leuba and Blakeman, 1991;
Muñoz-Cobo et al., 1996, 2000; Karve et al., 1997; Karve,
1998; van Bragt et al., 1999; Tsuji et al., 1993). The starting
point for the present developments has been the Karve
ROM (Karve, 1998), in which the authors used spatial
x-modes for the neutron kinetics, a model for the fuel



A. Dokhane et al. / Annals of Nuclear Energy 34 (2007) 271–287 273
rod dynamics, and a homogeneous equilibrium model
(HEM) for the thermal-hydraulic treatment of the two-
phase flow, the latter being based on the assumption that
the single-phase enthalpy and two-phase quality have
time-dependent spatially quadratic profiles.

The current, new nonlinear model has been developed
by essentially extending the neutron kinetics and the ther-
mal-hydraulic parts of the Karve model. For the neutron
kinetics, we use k-modes instead of x-modes mainly
because the former approach allows easier validation via
comparisons with codes that perform higher-mode neutron
flux and feedback reactivity calculations. More importantly
a model based on a drift flux representation (DFM) has
been implemented instead of the HEM to represent the
two-phase flow. Such a model is more appropriate since
it takes into account: (a) the difference between the two-
phase velocities (which is particularly important in
low-flow regimes), and (b) the radially non-uniform void
distribution inside the channel.

Benefiting from the developments in nonlinear dynamics
theory, significant advances have been made in the stability
analysis of BWRs using ROMs. Recent efforts have con-
centrated on bifurcation analyses in which the effects of
different design and operational parameters on the bifurca-
tion characteristics are analysed. Such analyses give impor-
tant information that should be taken into account in the
design and operational analysis of the next generation of
nuclear reactors. As mentioned earlier, PAH bifurcations
represent the main type of bifurcation that has been
encountered during nonlinear BWR stability analyses using
ROMs. A supercritical PAH bifurcation implies existence
of stable periodic solutions close to the stability boundary
(SB) in the linearly unstable region, while a subcritical
PAH bifurcation implies unstable periodic solutions close
to the SB in the linearly stable region.

The bifurcation analyses reported by March-Leuba
et al. (1986a,b), Muñoz-Cobo et al. (1996, 2000), Karve
et al. (1997) were purely numerical, i.e. only direct numer-
ical integrations were performed. Purely analytical bifurca-
tion analysis was first carried out by Muñoz-Cobo and
Verdú (1991) using the March-Leuba et al. model
(1986a,1986b). However, such analysis needs extensive
mathematical manipulation and becomes almost impossi-
ble to carry out for higher order models. Moreover, this
type of bifurcation analysis can be carried out only for
one specific bifurcation parameter at a time, and must be
repeated if the impact of different parameters is to be stud-
ied. On the other hand, numerical bifurcation can only be
performed for a limited number of operational points. As a
consequence of the limitations of these two approaches, the
scope of these previous analyses was restricted to a small
region of the rather large parameter space, in spite of the
simplicity of the models used.

In the present research, an alternative approach to the
above two has been adopted, in which analytical reduction
of the Poincaré normal form via the center manifold theo-
rem is carried out numerically (Hassard et al., 1981). This
approach, called semi-analytical bifurcation analysis,
allows accurate and efficient evaluation of the entire
parameter space of interest. It was Tsuji et al. (1993)
who, in conjunction with a simple BWR model, first used
a computer code called BIFOR2 and showed that the bifur-
cation, under certain conditions, is subcritical. Later, the
same approach was used by van Bragt et al. (1999) in the
framework of a natural circulation BWR model, by Riz-
wan-uddin (2000) using the simple March-Leuba model
(1986a,1986b), by Zhou and Rizwan-uddin (2002) using
the Karve model (1998), and by Dokhane et al. (2005),
using the current thermal-hydraulic sub-model, in the
framework of a heated channel model study. However,
these studies used the bifurcation code BIFDD, a successor
to BIFOR2 code, both developed by Hassard (1987), to
carry out the semi-analytical bifurcation analysis. As indi-
cated earlier, the BWR reduced order model developed cur-
rently is used to carry out semi-analytical bifurcation
analysis, the BIFDD code being employed once again for
the purpose. The resulting, more detailed phenomenologi-
cal treatment provides deeper insight into the mechanisms
behind BWRs instabilities and gives more realistic informa-
tion on the solution types that may exist.

In the present research, an alternative approach to the
above two has been adopted, in which analytical reduction
of the Poincaré normal form via the center manifold theo-
rem is carried out numerically (Hassard et al., 1981). This
approach, called semi-analytical bifurcation analysis,
allows accurate and efficient evaluation of the entire
parameter space of interest. It was Tsuji et al. (1993)
who, in conjunction with a simple BWR model, first used
a computer code called BIFOR2 and showed that the bifur-
cation, under certain conditions, is subcritical. Later, the
same approach was used by van Bragt et al. (1999) in the
framework of a natural circulation BWR model, by Riz-
wan-uddin (2000) using the simple March-Leuba model
(1986a,1986b), by Zhou and Rizwan-uddin (2002) using
the Karve model (1998), and by Dokhane et al. (2005),
using the current thermal-hydraulic sub-model, in the
framework of a heated channel model study. However,
these studies used the bifurcation code BIFDD, a successor
to BIFOR2 code, both developed by Hassard (1987), to
carry out the semi-analytical bifurcation analysis. As indi-
cated earlier, the BWR reduced order model developed cur-
rently is used to carry out semi-analytical bifurcation
analysis, the BIFDD code being employed once again for
the purpose. The resulting, more detailed phenomenologi-
cal treatment provides deeper insight into the mechanisms
behind BWRs instabilities and gives more realistic informa-
tion on the solution types that may exist.

The present paper is organized as follows. In Section 2,
the ordinary differential equations (ODEs) of the different
components of the developed BWR reduced order model,
i.e. neutron kinetics, fuel heat conduction, and the ther-
mal-hydraulic, are presented briefly. Section 3 is devoted
to the validation of the thermal-hydraulic part of the model
against experimental data and the comparison with several
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other analytical models developed earlier for simulating
thermal-hydraulic instabilities. In Section 4, semi-analyti-
cal bifurcation analysis is carried out with an in-depth
investigation of the properties of the eigenvectors associ-
ated with the two oscillations modes. Furthermore, numer-
ical simulations are carried out at certain operating points
to validate the findings of the bifurcation analyses. Finally,
a summary and conclusions of the present study are pre-
sented in Section 5.

2. Current reduced order model

The new reduced order model for nonlinear analysis
developed currently includes all significant physical pro-
cesses determining the dynamics of a BWR core. The strat-
egy followed in the model development is the following:
firstly, to develop a model as simple as possible from the
mathematical point of view (simple geometry; ordinary,
instead of partial differential equations (PDEs)) while pre-
serving the most important physical phenomena; secondly,
to have a model as close as possible to the system code
RAMONA in order to allow a systematic comparison of
the performance of the reduced order model with
RAMONA (Dokhane et al., 2007). For the latter purpose,
several of the correlations and assumptions in RAMONA
have been used in the ROM. The current model comprises
three main parts: spatial lambda-mode neutron kinetics
with the fundamental and first azimuthal modes, fuel heat
conduction dynamics, and core thermal-hydraulics based
on a drift flux model representation of the two-phase flow.
The recirculation loop has been replaced throughout this
study by a constant total pressure drop boundary condi-
tion across the reactor core. This assumption is found to
be acceptable for out-of-phase instabilities in general, and
for small amplitudes in the case of in-phase oscillations
(Dokhane, 2004).

It should be noted, as mentioned earlier, that this model
is effectively an extension of the Karve model (Karve,
1998), in which we use a drift flux model instead of the
homogenous equilibrium model for two-phase flow, and
k-modes instead of the x-modes for the neutron kinetics.
Thus, the novel aspects are essentially: (i) the use of a
DFM that includes the effects of both the drift velocity
and the radially non-uniform void distribution inside the
channel; and (ii) the feedback reactivity calculation meth-
odology based on RAMONA estimation (Dokhane, 2004).

2.1. Neutron kinetics

The present neutron kinetics model is derived from two-
energy group diffusion equations. It is based on the
assumption that the neutron flux is expanded in terms of
k-modes. An important advantage in this context is the
possibility to assess the accuracy of a simplified modelling
(of reactivity feedback effects, etc.) via comparisons with
the results of detailed system codes based on the k-modes
approach (Dokhane, 2004).
With the above assumptions, the modal kinetics equa-
tions for the fundamental and first azimuthal neutronics
modes (n0(t) and n1(t)), with the two corresponding delayed
neutrons precursors (U0(t) and U1(t)), are (Muñoz-Cobo
et al., 1996; Dokhane, 2004)

dn0ðtÞ
dt
¼ 1

K0

½ðq00ðtÞ � bÞn0ðtÞ þ q01ðtÞn1ðtÞ� þ kU 0ðtÞ ð1Þ

dn1ðtÞ
dt
¼ 1

K0

½q10ðtÞn0ðtÞ þ ðq11ðtÞ þ qs
1 � bÞn1ðtÞ� þ kU 1ðtÞ

ð2Þ
dU 0ðtÞ

dt
¼ b

K0

n0ðtÞ � kU 0ðtÞ ð3Þ

dU 1ðtÞ
dt

¼ b
K0

n1ðtÞ � kU 1ðtÞ ð4Þ

where qmn(t) is the total feedback reactivity for the cou-
pling between the mth-mode and the nth-mode. The gov-
erning neutron kinetics equations are coupled with the
equations of the heat conduction and the thermal-hydrau-
lic via the feedback reactivity terms. In this model, the void
and Doppler feedback reactivities are considered to be the
only relevant feedback mechanism.

The models for the void and Doppler feedback reactiv-
ities are described in Dokhane (2004). They are based on
the assumption of linear reactivity profiles in terms of the
void fraction and fuel temperature, respectively, as follows:

qmnðtÞ¼ factmn �
X2

l¼1

c1mn;lðalðtÞ�a0;lÞþc2mn;lðT avg;lðtÞ�T avg;0;lÞ

ð5Þ
where the index l stands for the channel number.

As mentioned earlier, only two channels, each represent-
ing one half of the reactor core, are considered currently.
The quantities a0,l and Tavg,0,l are the reference steady-state
void fraction and the average fuel temperature in the chan-
nel l, respectively. The quantities Tavg,l(t) and Tavg,0,l(t) are
equivalent to Tf,l(t) and Tf,0,l(t) in Dokhane (2004), respec-
tively. The terms c1mk,l and c2mk,l are the void and Doppler
feedback reactivity coefficients, respectively. Finally, as dis-
cussed in Dokhane (2004), factmn is a feedback gain param-
eter, introduced as a multiplier of the corresponding
feedback reactivity, in order to increase the feedback gain
coupling between the first and fundamental modes and thus
enable the excitation of out-of-phase oscillation phenomena
in specific cases. It is also used as the bifurcation parameter.

2.2. Fuel rod heat conduction

The fuel rod is modelled separately in the two axial
regions corresponding to the single and two-phase regions
of the boiling channel. In each of these regions, it is mod-
elled with three distinct radial regions, the fuel pellet
(0 < r < rp), the gap (rp < r < rg), and the clad (rg < r < rc).
The heat conduction model is based on the following
assumptions:
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� Azimuthal symmetry.
� Neglected heat conduction in the z-direction.
� Time-dependent, spatially uniform volumetric heat

generation.

The fuel rod sub-model used here was originally devel-
oped and validated by Karve (1998). Because detailed der-
ivation of this sub-model is available in Karve (1998) and
Dokhane (2004), only the final ODEs are presented. In
brief, for each channel, four ODEs are developed from
the heat conduction PDE. These ODEs are for the two
coefficients of each of the two spatially piecewise quadratic
representations of the fuel pellet temperature in the single
and two-phase regions of the channel. In an explicit index
form, these ODEs can be written as

dT 1;j/;lðtÞ
dt

¼ ll1;1;j/;lT 1;j/;lðtÞ þ ll2;1;j/;lT 2;j/;lðtÞ

þ ll3;1;j/;l½cqðn0ðtÞ � ~n0Þ þ cqnln1ðtÞ� ð6Þ
dT 2;j/;lðtÞ

dt
¼ ll1;2;j/;lT 1;j/;lðtÞ þ ll2;2;j/;lT 2;j/;lðtÞ

þ ll3;2;j/;l½cqðn0ðtÞ � ~n0Þ þ cqnln1ðtÞ� ð7Þ

where j/ stands for single (1/) or two-phase (2/) region,
and l stands for channel number (1 or 2). The factors
ll1,s, ll2,s, and ll3,s are somewhat complicated constants
which depend on the design parameters (Dokhane, 2004).
2.3. Thermal-hydraulics

The heat generated in the fuel rod is conducted and
convected to the coolant in the flow channel. The single-
phase coolant enters the bottom of the channel with a
velocity vinlet(t) and temperature Tinlet, and then starts boil-
ing at a certain level—called the boiling boundary l(t)—at
which the coolant reaches the saturation temperature Tsat.
Above the boiling boundary, the coolant is a mixture of
two phases, i.e. water and steam. The flow channel is
accordingly divided into two regions, the single-phase
and two-phase regions.

The three-dimensional mass, energy, and momentum
equations in the single-phase and two-phase regions, that
describe the fluid mechanics in the channel, are averaged
over the cross-section of the flow channel to arrive at equa-
tions that depend only on a single spatial variable (axial
position z) and time. Then, for each representative flow
channel,2 ODEs are developed from the one-dimensional
time-dependent PDEs by carrying out symbolic integration
using a weighted residual method in which spatial approx-
imations for the single-phase enthalpy and two-phase qual-
ity are used (Karve, 1998).

The thermal-hydraulic model is based on the following
three principal assumptions:
2 Two channels have been considered in the present model.
� A drift flux model is used to represent the two-phase flow,
rather than a homogeneous equilibrium model; such a
model is more appropriate since it takes into account (a)
the difference between the two-phase velocities (the drift
velocity Vgj), particularly important in the case of low flow
rates, and (b) the radially non-uniform void distribution
(the void distribution parameter C0) inside the channel.
� The time-dependent single-phase enthalpy and two-

phase quality have spatially quadratic profiles. These
two assumptions have been successfully validated and
used earlier (Karve, 1998) with the homogeneous equi-
librium model for two-phase flow.
� Subcooled nucleate boiling has been ignored.

Since the thermal-hydraulic model has been described in
detail in Dokhane (2004) and Dokhane et al. (2005), only the
final ODEs are presented here. In brief, for each channel,
five ODEs result from the integration of the one-dimen-
sional time-dependent continuity, energy and momentum
equations in the single and two-phase regions, using a
weighted residuals procedure

da1ðtÞ
dt
¼ 6

lðtÞ ½N qNrN pch;1/ðtÞ � vinletðtÞa1ðtÞ�

� 2vinletðtÞa2ðtÞ ð8Þ
da2ðtÞ

dt
¼ 6

l2ðtÞ ½N qNrN pch;1/ðtÞ � vinletðtÞa1ðtÞ� ð9Þ

ds1ðtÞ
dt
¼ 1

ff5ðtÞ
ff1ðtÞ

dlðtÞ
dt
þ ff2ðtÞ

dvinletðtÞ
dt

�

þ ff3ðtÞ
dNpch;2/ðtÞ

dt
þ ff4ðtÞ

�
ð10Þ

ds2ðtÞ
dt
¼ 1

ff10ðtÞ
ff6ðtÞ

dlðtÞ
dt
þ ff7ðtÞ

dvinletðtÞ
dt

�

þ ff8ðtÞ
dNpch;2/ðtÞ

dt
þ ff9ðtÞ

�
ð11Þ

dvinletðtÞ
dt

¼ 1

ff14ðtÞ
ff11ðtÞ

dlðtÞ
dt

�

þ ff12ðtÞ
dNpch;2/

dt
þ ff13ðtÞ

�
ð12Þ

where a1(t) and a2(t) are the coefficients of the linear and
quadratic terms for the liquid enthalpy profile, s1(t) and
s2(t) are the coefficients of the linear and quadratic terms
for the quality profile, and vinlet(t) is the liquid velocity at
the channel inlet. The expressions ffn(t), n = 1, . . . , 14 are
complicated intermediate quantities, which depend on the
phase variables, the operating parameters and the design
parameters (Dokhane, 2004).

In summary, the dynamical system that results from the
current two-channel reduced order model consists of 22
ODEs, four from the neutron kinetics model, ten that
describe the thermal-hydraulic model (five for each chan-
nel), and eight ODEs for the fuel rod heat conduction
(two equations for each phase, in each channel). The set
of 22 ODEs can be written in a compact form as:
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Fig. 1. Comparison of calculated stability boundaries with Set I experimental data (vinlet = 0.98 m/s).

Table 1
Operating conditions for Sets I, III, V and VI of the Saha et al.
experiments (Saha et al., 1976)

Set I Set III Set V Set VI

Pressure (bar) 12.1 10.3 12.1 12.1
vinlet (m/s) 0.98 1.02 0.72 1.49
Kinlet 2.85 2.85 6.55 6.55
Kexit 2.03 2.03 2.03 2.03

3 In this study, all the points on a SB have the same coolant inlet velocity
value. The SB is generated using the code BIFDD in which a system
parameter, say Nsub, is chosen which can be incremented in small steps,
then a second parameter, say Npch, is selected. The second parameter is
varied until it reach a critical value that corresponds to a point on the SB.

4 Rizwan-uddin and Dorning found some errors in the evaluation of the
dimensionless numbers Nsub and Npch for the experimental data. These
resulted from errors in the thermodynamic properties that were used to
calculate the dimensionless numbers (Rizwan-uddin and Dorning, 1986).
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_X ðtÞ ¼ F ðX ; jÞ ð13Þ
where X(t) is the vector of 22 phase variables and j is the
vector of parameters that includes both the operating and
design parameters

j¼ðNq;N r;N pch;1/;Npch;2/;K inlet;Kexit;Nf ;1/;Nf ;2/;Fr;C0;V gjÞ
ð14Þ

Typical numerical values for the design and operating
parameters of a General Electric Company (GE) BWR-6,
with an approximate power of 1100 MWe, have been used
in the present context (Dokhane, 2004).

3. Validation of the thermal-hydraulic part of the model

Since the phenomenon of thermally induced two-phase
flow instability is of basic interest for the design and oper-
ation of BWRs, the aim in this section is to validate the
current thermal-hydraulic model against appropriate
experimental data and to compare its performance with
the results obtained using several earlier models that were
developed to simulate density wave oscillations.

Saha et al. (1976) carried out an experimental study on
the onset of self-sustained thermal-hydraulic two-phase
density wave oscillations. The experimental facility used
consists of a uniformly heated boiling channel with
Freon-113 as the operating fluid. Fig. 1 shows a simplified
schematic sketch of this facility. The experimental data sets
were generated by changing the inlet velocity vinlet. For
each experiment, the system pressure, the inlet and exit
restrictions, and the inlet velocity (vinlet) were kept con-
stant. The inlet subcooling was established by adjusting
the preheating system, and the power was then increased
in small steps until sustained flow oscillations were
observed, thus identifying points on the stability boundary.
Consequently, such points were plotted on the subcooling
number (Nsub) versus the equilibrium-phase-change num-
ber (Npch) plane. The operating conditions for different sets
of experiments are given in Table 1.

It should be emphasized that, although these experi-
ments were performed for a heated channel, they are very
relevant to BWR stability analysis since the thermal-
hydraulic phenomena investigated are of paramount
importance in this context. Figs. 1 and 2 show the compar-
ison of the stability boundaries calculated using the ther-
mal-hydraulic model3 with the experimental data (Sets I
and VI) as re-evaluated by Rizwan-uddin and Dorning
(1985).4 Also compared in the figures are the stability
boundaries calculated using several models that were devel-
oped earlier to study two-phase flow instabilities. These
models are: (i) the two-fluid (Eq. (6)) model developed by
Dykhuizen et al. (1986) that, naturally, includes subcooled
boiling, (ii) the non-equilibrium slip model of Saha and
Zuber (1978) that also includes subcooled boiling, but with
a flat void profile (C0 = 1), (iii) the Ishii and Zuber slip
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model (1970) based on a simplified stability criterion with a
flat void profile, (iv) the drift flux model developed by Riz-
wan-uddin and Dorning (1986), and (v) the homogeneous
equilibrium model of Karve (1998).

Fig. 2 shows the current model benchmarked against the
experimental data for Set I with vinlet = 0.98 m/s, as well as
against the two-fluid model, the Rizwan-uddin and Dor-
ning DFM, and the Karve HEM. For large values of the
inlet subcooling, all models are in good agreement with
the experimental data. For lower values of Nsub, the differ-
ences between the models, however, are very small com-
pared to the deviation between the models and the
experimental results.

The importance of a radially non-uniform void distribu-
tion is clearly shown in Fig. 3 for the Set VI experimental
data with vinlet = 1.49 m/s. It should be emphasized that
this value of inlet velocity is in the range of values represen-
tative of an actual BWR,5 so that these data are particu-
larly relevant as validation base. The SBs predicted by
the current model (C0 = 1.08) and the Rizwan-uddin and
Dorning model (C0 = 1.05) are seen to agree very well with
the experimental data. This is because for large values of
Vinlet, C0 is larger than 1 and, therefore, the models based
on C0 = 1 (HEM or slip models) are likely to be inade-
quate. For lower values of Nsub, the Saha and Zuber model
fits the data best, followed by the current model. It should
be pointed out that, although the current model and the
Rizwan-uddin and Dorning model are based on the same
drift flux approach, they are constructed differently. The
Rizwan-uddin and Dorning model is an exact model, i.e.,
involves a direct integration of the first order, nonlinear,
functional, ordinary differential equations. However, the
authors ignored the higher order terms in a small parame-
ter proportional to (C0 � 1). The present DFM is based on
5 For the Leibstadt NPP, the maximum inlet velocity is 2.67 m/s.
two assumptions implying an approximate spatial treat-
ment, viz. that the single-phase enthalpy and the two-phase
quality have a quadratic dependence on the spatial z direc-
tion. Higher order terms, such as that of (C0 � 1), however,
have not been neglected. This could explain why the cur-
rent model fits the data better than the Rizwan-uddin
and Dorning model for low values of Nsub.

To summarize, the current thermal-hydraulic model has
been found to be in good agreement with the Saha et al.
experimental data for large Nsub, as is the case for several,
earlier developed models. For lower values of Nsub, the cur-
rent model results compare with the experiment as well as
the existing models, so that its validation against the exper-
imental data can be considered to be globally quite satisfac-
tory. Moreover, a principal advantage of the current model
is that it is represented by a system of ODEs that allows
easy coupling to the neutron kinetic and heat conduction
models, as seen in Section 2 where the complete, novel
reduced order model for carrying out BWR stability anal-
ysis was presented. Equally important is the fact that this
ODE system can be handled in a straightforward fashion
for carrying out semi-analytical bifurcation analysis using
the bifurcation code BIFDD subject of the next section.

4. Results and conditions for in-phase and out-of-phase

oscillations

The stability and bifurcation analysis methodology
applied in this study is presented in Dokhane (2004). The
methodology is based on the present ROM, in form of
the developed Fortran code bwr.f, in conjunction with the
bifurcation code BIFDD (Hassard, 1987).6 The code bwr.f

comprises subroutines that numerically evaluate the right
6 A modified version of the code BIFDD that allows the evaluation of all
the 22 eigenvalues and their corresponding eigenvectors at each point on
the SB has been used for the present study.
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Cobo et al., 1996; Zhou and Rizwan-uddin, 2002), in order to simulate the
excitation of the out-of-phase oscillation mode at some specific OPs, when
ROMs are used.
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hand side of the set of nonlinear ODEs as well as the Jaco-
bian matrix. The Fortran code bwr.f allows any one of the
system parameters to be selected as the bifurcation param-
eter. A second parameter is then incremented in small
steps, and the critical values of the bifurcation parameter
and the associated bifurcation characteristics are evaluated.
Thus, the entire stability boundary in two-dimensional
parameter space can be determined.

The two principal operating parameters chosen for the
current stability analysis are Nsub and DPext, the channel
inlet subcooling number, and the external pressure drop
across the two channels, respectively, i.e. the stability
boundaries are presented in the Nsub � DPext parameter
space. Note that the same parameter plane was used previ-
ously by Karve (1998). This allows a systematic compari-
son and validation (for the special case of HEM7) of the
current ROM against the Karve model. In addition, these
SBs can be transformed to the more practical power-flow
map used by the plant operator.

Currently, we consider a gain of the feedback reactivities
for different coupling modes as follows: fact11 = fact00 = 1
and fact01 = fact10 = fact, with fact P 1. This enables an
amplification of the feedback reactivities for the coupling
between the fundamental and the first modes (q10,q01) by
an amount equal to fact.8 One can thus compensate for
the current feedback reactivity model’s underestimation
of the values of the feedback reactivities for the coupling
between the fundamental and first modes (Dokhane, 2004).

Besides the semi-analytical bifurcation analysis pre-
sented in Section 4.2, direct numerical integration of the
set of nonlinear ODEs has been carried out (Section 4.3)
to allow an independent confirmation of the results, as well
as to determine the system behavior in regions away from
the stability boundary where the results of the semi-analyt-
ical bifurcation analysis are not applicable, and to deter-
mine system behaviour for large times even when
operating close to the SB in regions where results of stabil-
ity analysis may be applicable.

4.1. Mathematical basis for interpretation of results

The present subsection briefly reviews the mathematical
basis used to interpret the results obtained. The detailed
investigations carried out, e.g. to determine as to which
oscillation mode is excited during the loss of stability, are
described in Section 4.2.

The first boundary corresponds to points in the param-
eter space at which the real part of the largest pair of com-
plex conjugate eigenvalues is equal to zero, while the
second boundary corresponds to points in the parameter
space at which the real part of the second largest pair of
eigenvalues is equal to zero. In other words, the first
boundary is a stability boundary (SB) that corresponds
to the occurrence of a PAH bifurcation while the second
one is associated with the occurrence of a secondary
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PAH bifurcation, or a so-called Neimark bifurcation. The
second boundary has little relevance to the stability of the
system, since the system is already unstable once the first
boundary (SB) has been crossed. However, it is crucial
for understanding the switch between the in-phase and
out-of-phase oscillation modes.

In the following, we show the necessity of making a
distinction between the fundamental and first azimuthal
neutronics modes, on the one hand, and in-phase and
out-of-phase mode instabilities on the other hand. Thus,
it will be seen that an in-phase instability implies growing
neutron oscillations that are dominated by the fundamental
neutronics mode. The first azimuthal neutronics mode may
also be unstable and growing, but its contribution to the
total neutron population is relatively insignificant. Simi-
larly, an out-of-phase instability implies growing neutron-
ics oscillations that are dominated by the first azimuthal
mode. In this case, the fundamental neutronics mode
may also be unstable and growing, but its contribution to
the total neutron population is relatively insignificant.
The question to be answered is as to whether the complex
conjugate pair of eigenvalues that first crosses the imagi-
nary axis corresponds to an in-phase or to an out-of-phase
mode instability, or, in other words, as to whether it is
possible to associate a particular pair of eigenvalues with
a particular kind of (in-phase or out-of-phase) instability.

Zhou and Rizwan-uddin (2002) reported that complex
conjugate eigenvalues with the largest and second largest
real parts are responsible for the in-phase and out-of-phase
mode oscillations. They examined the magnitude of the ele-
ments corresponding to the fundamental and first modes in
the eigenvectors in order to identify the associated mode of
oscillation. In the current analysis, it has been found that,
in addition to the elements corresponding to the fundamen-
tal and first modes, eigenvector elements corresponding to
the thermal-hydraulic and heat conduction variables also
have distinct properties for the two eigenvectors associated
to the two relevant complex conjugate eigenvalues, i.e.
those with the largest and second largest real parts. In this
context, the two eigenvectors, called here ~V in and ~V out

9

have certain characteristics. Specifically, for ~V in, these are:

in-1. The element corresponding to the fundamental neu-
tronics mode, V in;n0

, is much larger than the element
corresponding to the first mode, V in;n1

. Moreover,
the element corresponding to the fundamental mode
in eigenvector ~V in, V in;n0

, is much larger than the cor-
responding element in eigenvector ~V out, V out;n0

. This
was also reported by Zhou and Rizwan-uddin (2002).

in-2. The elements corresponding to the thermal-hydrau-
lic/heat conduction variables in the first channel
have the same sign and the same absolute value as
the corresponding elements of the second channel.
9 These eigenvectors can be associated either to the complex conjugate
pair of eigenvalues with largest real part or to that with the second largest
real part.
In the case of the other eigenvector, ~V out, the character-
istic properties are:

out-1. The element corresponding to the first neutronics
mode, V out;n1

, is much larger than the element cor-
responding to the fundamental mode, V out;n0

.
Moreover, the element corresponding to the first
mode in eigenvector ~V in, V in;n1

, is much smaller
than the corresponding element in eigenvector
~V out, V out;n1

. This was also reported by Zhou and
Rizwan-uddin (2002).

out-2. The elements corresponding to the thermal-
hydraulic/heat conduction variables in the first
channel are of opposite sign and have the same
absolute value as the corresponding elements of
the second channel.

Moreover, the elements corresponding to the thermal-
hydraulic and heat conduction variables in eigenvector
~V in have values of the same order of magnitude as those
of the corresponding elements in eigenvector ~V out.

An analysis of the impact of the eigenvector elements for
both eigenvectors (~V in and ~V out) on the behaviour of the
system, i.e. the evolution of the system variables with time,
close to the steady-state solutions is presented below.

Suppose the linearized system of the set of nonlinear
ODEs (13) is

d~X ðtÞ
dt
¼ A � ~X ðtÞ ð15Þ

where A is the Jacobian matrix and ~X ðtÞ is the vector
variable. To solve this system of equations, suppose the
matrix A can be diagonalized. For this, the eigenvalues
ki = ri ± ixi and their corresponding eigenvectors ~V i are
evaluated. Then the solution of the linearized system can
be written as:

~X ðtÞ ¼ ~~X þ
X22

i¼1

ci
~V ie

ki t ð16Þ

where ~~X is the steady-state variable vector and ci is a con-
stant that can be evaluated from the initial condition
problem.

Generally speaking, it is well known that the dynamical
system is asymptotically stable, i.e. the oscillation ampli-
tudes of all the variables asymptotically decay with time,
only if real parts of all the eigenvalues of the Jacobian
are negative. On the other hand, the system is asymptoti-
cally unstable, i.e. the oscillation amplitudes of some vari-
ables asymptotically grow with time, if the real part of at
least one eigenvalue is positive.

Suppose that the two complex conjugate eigenvalues of
the Jacobian matrix with the largest real parts correspond-
ing to the eigenvectors ~V in and ~V out are denoted by kin and
kout. With kin = rin ± ixin and kout = rout ± ixout. The
asymptotic solution can then be approximated by:
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~X ðtÞ ffi ~~X þ cout
~V oute

kout t þ cin
~V inekint ð17Þ

Hence, the solution for the fundamental and the first
modes can be expressed as

n0ðtÞ ffi ~n0 þ coutV out;n0
ekoutt þ cinV in;n0

ekin t ð18Þ
n1ðtÞ ffi ~n1 þ coutV out;n1

ekoutt þ cinV in;n1
ekin t ð19Þ

For cin and cout approximately equal, the relative magni-
tude of the fundamental and first azimuthal modes will
depend upon the magnitude of the eigenvector elements
V out;n0

, V in;n0
, V out;n1

, and V in;n1
corresponding to the phase

variables n0(t) and n1(t).
Similar to the evolution of the fundamental and first azi-

muthal neutronics modes, the time evolution of the liquid
inlet velocities in channels 1 and 2, as example of the ther-
mal-hydraulic variables, can also be written as:

vinlet;1ðtÞ ffi ~vinlet;1 þ coutV out;vinlet;1
ekout t þ cinV in;vinlet;1

ekint ð20Þ
vinlet;2ðtÞ ffi ~vinlet;2 þ coutV out;vinlet;2

ekout t þ cinV in;vinlet;2
ekint ð21Þ

where ðV out;vinlet;1
,V in;vinlet;1

Þ and ðV out;vinlet;2
; V in;vinlet;2

Þ are
respectively the eigenvector elements of the two eigenvec-
tors corresponding to the phase variables vinlet,1(t) and
vinlet,2(t). It should be noted that ~vinlet;1 ¼ ~vinlet;2 because
the two channels are identical from the thermal-hydraulic
point of view.

In the above context, two different cases of BWR insta-
bility can be distinguished. These are:

CASE I: rin > 0 and ri < 0 for "i = 1,2, . . . ,n and i 6¼ in
In this case, the state (behaviour) of the system is dic-

tated by the eigenvector ~V in. In specific terms, Eqs. (18)
and(19) show that, since V in;n0

� V in;n1
(property in-1),

the oscillation amplitude of the fundamental mode n0(t)
is much larger than that of the first azimuthal mode n1(t).
Furthermore, as stated earlier, the elements of the eigenvec-
tor ~V in corresponding to the inlet velocity variables in
channel 1 ðV in;vinlet;1

Þ and channel 2ðV in;vinlet;2
Þ are found to

have the same sign and the same absolute value(property
in-2). Therefore, referring to Eqs. (20) and(21), the inlet
velocities in the two channels oscillate in an in-phase man-
ner. This clearly shows that the oscillation mode, associ-
ated with the eigenvector ~V in, is in-phase.

It needs to be stressed that, even if out-of-phase oscilla-
tions are not excited in this case, the oscillation amplitude
of the first mode grows with time asymptotically. It may
actually decay initially10, but then should grow asymptoti-
cally. A possible initial decay of the oscillation amplitude
of the first neutronics mode can be explained by the contri-
bution of the term associated with the second pair of com-
plex eigenvalues that has a negative real part. In other
words, since rin > 0 and rout < 0, the kout term in Eq.
(19), coutV out;n1

ekoutt, may be dominant in the initial transient
time interval, because, as reported earlier, V out;n1

is found to
be much larger than V in;n1

(about 100 times) and, conse-
10 It may happen that the asymptotic time is very large, which could
make the ‘‘initial’’ interval very long.
quently, decaying oscillations of the first neutronics mode
are observed. The time evolution of the thermal-hydraulic
and heat conduction variables, however, is always growing
because here the kout term of the second pair of complex
eigenvalues corresponding to these variables (e.g. in Eqs.
(20) and(21)) is almost negligible even in the initial time
interval.

CASE II: rout > 0 and ri < 0 for "i = 1,2, . . . n and
i 6¼ out

In this case, the state of the system is dictated by the
eigenvector ~V out. In specific terms, Eqs. (18) and (19) show
that, since V out;n1

� V out;n0
(property out-1), the oscillation

amplitude of the first azimuthal mode n1(t) is much larger
than that of the fundamental mode n0(t). Furthermore, as
stated earlier, the elements of the eigenvector ~V out corre-
sponding to the inlet velocity variables in channel
1ðV out;vinlet;1

Þ and channel 2ðV out;vinlet;2
Þ are found to have

opposite signs and the same absolute value(property
out-2). Therefore, referring to Eqs. (20) and (21), the inlet
velocities in the two channels oscillate in an out-of-phase
manner. This clearly shows that the oscillation mode, asso-
ciated with the eigenvector ~V out, is out-of-phase.

Again it needs to be emphasized that, even if in-phase
oscillations are not excited in this case, the oscillation
amplitude of the fundamental neutronics mode grows with
time asymptotically, i.e. it may decay initially but then
should grow asymptotically. A possible initial decay of
the oscillation amplitude of the fundamental neutronics
mode can be explained by the contribution of the term
associated with the second pair of complex eigenvalues that
has a negative real part. In other words, since rout > 0 and
rin < 0, the kin term in Eq. (18), cinV in;n0

ekint, may be domi-
nant in the initial transient time interval, because, as
reported earlier, V in;n0

is found to be much larger than
V out;n0

(more than 100 times) and, consequently, decaying
oscillations of the fundamental neutronics mode are
observed. However, this is not the case for the time evolu-
tion of the other thermal-hydraulic and heat conduction
variables, i.e. there are no decaying oscillations in the initial
time interval because here the kin term of the second pair of
complex eigenvalues corresponding to these variables (e.g.
in Eqs. (20) and (21)) is almost negligible even initially.

The analysis carried out above clearly demonstrates that
the eigenvector ~V in (properties in-1 and in-2) is associated
with the in-phase mode and that the eigenvector ~V out

(properties out-1 and out-2) is associated with the out-of-
phase mode. This, in effect, corresponds to the fact that
in-phase and out-of-phase oscillation modes are whole-sys-
tem mechanisms.

4.2. Semi-analytical bifurcation analysis

The stability and bifurcation analyses reported in this
subsection have been carried out using the current 22-equa-
tion ROM with the drift flux parameters set to correspond
to a HEM, i.e. C0 = 1 and Vgj = 0.0. This has been done
mainly for a more clear understanding of the different
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phenomena observed. The conclusions drawn regarding the
mechanisms for in-phase and out-of-phase oscillations are,
however, independent of the degree of modelling detail, viz.

DFM or HEM. Employing the typical BWR numerical
values for design and operating parameters (Dokhane,
2004) mentioned earlier, the first (stability) and the second
boundaries are presented for different values of the reactiv-
ity feedback for the coupling between the fundamental and
first modes, i.e. for different values of the bifurcation
parameter fact.

Shown in Fig. 3 are the first and the second boundaries
in the Nsub � DPext plane for the bifurcation parameter
fact equal to 1, 2.5 and 3.5. Fig. 3a shows that, for fact = 1,
the entire stability boundary is associated with the in-phase
mode, while the entire second boundary is associated with
the out-of-phase mode. The two boundaries are very close
for Nsub > 4, but separate considerably from each other for
lower values of Nsub. Comparing Fig. 3a and b, it is seen
that increasing the value of fact to 2.5 shifts the second
boundary (corresponding to the out-of-phase mode) closer
and closer to the stability boundary (corresponding to the
in-phase mode) even for low values of Nsub. Fig. 3c shows
the case of even higher feedback reactivity for the coupling
between the fundamental and first modes (fact = 3.5), in
which the two boundaries intersect at point T (DPext,
Nsub) = T(7.38,1.44). In this case, the SB corresponds to
the in-phase oscillation mode for Nsub > 1.44, and to the
out-of-phase mode for Nsub < 1.44. In other words, if the
system loses its stability by crossing the SB in the region
where Nsub < 1.44 (but not crossing the second boundary),
the type of instability that will be excited is the out-
of-phase oscillation mode. On the other hand, for
Nsub > 1.44, the type of instability that will be encountered
is the in-phase oscillation mode. Note that, as illustrated in
Fig. 3c, four regions could be distinguished in parameter
space: region (i) where both modes are stable; region (ii)
where only in-phase is unstable; region (iii) where both
modes are unstable; and region (iv) where the in-phase
mode is stable while the out-of-phase mode is unstable
(see Fig. 3c). These results are similar to those obtained
using a simple model by March-Leuba and Blakeman
(1991).

Fig. 4 shows the stability boundary and the type of Hopf
bifurcation corresponding to different gains of the feedback
reactivity for the coupling between the fundamental and
first modes. The stability boundaries and the bifurcation
curve for fact equalling 1 and 2.5 cannot be distinguished.
As seen earlier, further increasing the feedback for the cou-
pling between the fundamental and first modes (fact = 3.5)
causes the out-of-phase mode to be excited. Consequently,
the branch of the SB for lower values of Nsub that was asso-
ciated with the in-phase mode for lower values of fact
becomes associated with the out-of-phase mode. The SBs
shown in Fig. 4b are the transformed SBs from Nsub � D-
Pext to the steady-state values of neutron number density
vs. total inlet velocity (power-flow) plane n0s � vinlet,s. It
is clear, from Fig. 4a and b, that underestimating the feed-
back reactivity for the coupling between the fundamental
and first modes leads to non-conservative results. For
instance, point C, which is predicted to be a completely



Fig. 5. (a) Time evolution of (n0(t) � n0s) and n1(t) at point A (Fig. 4).
(b) Time evolution of inlet flow velocity in the two channels. (c) Time
evolution of the total inlet mass flow rate.
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stable operational point under fact = 1 conditions,
becomes an out-of-phase unstable operating point if the
gain of the feedback reactivity coupling between the funda-
mental and first modes is increased sufficiently to represent
realistic conditions corresponding, for instance, to a bowl-
shaped radial power distribution (Miró et al., 2000).11 In
Fig. 4c, b2 is the parameter that determines the stability
of the periodic oscillations. If b2 < 0, the periodic solution
is stable,i.e. supercritical bifurcation, while if b2 > 0 the
periodic solution is unstable, i.e. subcritical bifurcation.
For fact = 1, 2 and 3.5, subcritical bifurcation is expected
for Nsub > 2.1, and supercritical for Nsub < 2.1. The sudden
jump in b2 for fact = 3.5 is due to the intersection of the
corresponding in-phase and out-of-phase boundaries,
reported earlier (see Fig. 3c). In other words, for Nsub >
1.44, the bifurcation branch corresponds to the pair of
complex eigenvalues associated with the in-phase mode
that crosses first the imaginary axis, while for Nsub < 1.44,
it corresponds to the pair of complex eigenvalues associ-
ated with the out-of-phase mode that crosses first the imag-
inary axis. Results of the bifurcation analysis are consistent
with those reported by Zhou and Rizwan-uddin (2002).

Points A and B shown in Fig. 4a are two operational
points that will be investigated, in Section 4.3, using
numerical integration of the set of system equations, point
A is stable for fact equal to 1 or 2.5. However, it is out-of-
phase unstable12 for fact = 3.5. In addition, point A is in
the region where a supercritical PAH bifurcation is
expected (see Fig. 4c). Therefore, an out-of-phase stable
limit cycle oscillation is expected here. Point B, for all the
considered values of fact, is located in a stable region where
subcritical bifurcation is expected.

It should be pointed out that typical values of the subco-
oling number Nsub, for normal operational conditions for a
BWR, cannot exceed 2.0, which corresponds to 30 �C tem-
perature difference between the inlet liquid temperature
and the saturation temperature. In the current study,
higher values of Nsub were also investigated in order to
try to understand the physical mechanisms behind the tran-
sition between the in-phase and out-of-phase modes as a
given parameter is changed, especially in a region where
the two boundaries are very close to each other.

4.3. Numerical simulation

For independent confirmation of the results of the bifur-
cation analyses, and to evaluate the system behaviour in
regions away from the SB, a Matlab code has been devel-
oped to numerically integrate the set of the 22 ODEs using
the Gear’s algorithm. Results are presented here for
parameter values corresponding to the operational points
A and B shown in Fig. 4a with fact = 3.5 and point A*

shown in Fig. 3b (with fact = 2.5). Fig. 5 shows the time
11 Resulting, for example, from a certain control rod configuration.
12 This means that the out-of-phase mode is excited at the operational

point A.
evolution of normalized components of the fundamental
(n0(t)) and the first modes (n1(t)), the inlet liquid velocity
in both channels (vinlet,1 and vinlet,2), and the total liquid
inlet velocity vinlet, with parameter values corresponding
to point A. As expected, at point A, the system is out-of-
phase unstable but in-phase stable, i.e. the out-of-phase



Fig. 6. Time evolution of n0(t) � n0s and n1(t) at point A* in Fig. 3(b). The amplitude of the first mode is decaying from 0 to 170 s, then starts to grow but
with much smaller amplitude than that of the fundamental mode.
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mode is dominant. The oscillation amplitude of the first
mode is larger than that of the fundamental mode
(Fig. 5a). Moreover, point A is in the supercritical PAH
bifurcation region. Hence, the oscillation amplitude for
each of the variables grows to a stable limit cycle.

Fig. 5b clearly shows the out-of-phase mode oscillation
between the inlet liquid velocities of the two channels. The
total mass flow (vinlet) is oscillating with very small ampli-
tude (1%) and can, as such, be considered constant
(Fig. 5c). This agrees with previous findings that in an
out-of-phase oscillation mode the total mass flow remains
almost constant, although the individual channel mass
flows are oscillating (March-Leuba and Blakeman, 1991).
This is because the two oscillating core regions adjust their
flows to maintain the pressure drop across the core con-
stant in time and in space. In fact, the 1% oscillation ampli-
tude of the total flow rate is related to the fundamental
mode that shows very small stable limit cycle oscillation
amplitude. It should be pointed out that, although the in-
phase mode is not excited13 at point A, the oscillation
amplitude of the fundamental mode is increasing but with
very small amplitude compared to the first mode.

Fig. 6 shows the results of numerical integration for
the operational point A* in Fig. 3b. It is clearly seen that,
although the out-of-phase mode is not excited14 (only the
13 This means that the real part of the pair of complex eigenvalues
associated with the in-phase mode is negative.
14 This means that the real part of the pair of complex eigenvalues

associated with the out-of-phase mode is negative.
in-phase is), the first mode amplitude grows asymptoti-
cally (time > 170 s) but with an amplitude much smaller
than that of the fundamental mode. This can be
explained by the arguments presented earlier, viz. that
in the initial time interval [0,170 s] the first azimuthal
neutronics mode amplitude is decaying because of the
dominance of the term associated with the second pair
of complex eigenvalues that have negative real parts
(associated in this case with the out-of-phase mode,
coutV out;n1

ekouttÞ, and that later the first mode amplitude
grows with time because of the dominance of the term
associated with the first pair of complex eigenvalues that
have positive real parts (associated in this case with the
in-phase mode, cinV in;n1

ekin tÞ.
The above discussion for points A and A* clearly shows

the distinction between in-phase and out-of-phase modes,
on one hand, and the fundamental and the first azimuthal
neutronics modes on the other. Recall that according to
our definition of in-phase and out-of-phase modes of oscil-
lations, they are intrinsic states of the ‘‘system’’ and are
decoupled from the stability of fundamental and first azi-
muthal neutronics modes. Whether the in-phase and/or
out-of-phase modes are ‘‘stable’’ or ‘‘unstable’’ depends
on the real part of their corresponding pair of complex con-
jugate eigenvalues. Hence, it is possible that while the fun-
damental (first) neutronics mode is unstable, the in-phase
(out-of-phase) mode is stable. An unstable fundamental
neutronics mode and a ‘‘stable’’ in-phase mode simply
means that it is the out-of-phase mode that is unstable
leading to oscillations that are primarily out-of-phase.
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As regards point B in Fig. 4a, it is clear that here the
SB corresponds to the in-phase mode, the second bound-
ary being associated with the out-of-phase mode (see
Fig. 3c), and that the two are very close. Point B is in
the stable region and close to the SB, and the type of
Fig. 7. (a) Time evolution of n0(t) � n0s and n1(t) at point B for small amplitu
channel 1.
PAH bifurcation to be expected is subcritical (Fig. 4c).
Therefore, beside the stable fixed point, an unstable limit
cycle is predicted. Numerical simulations confirm these
findings, as shown in Figs. 7 and 8. The small amplitude
perturbation in Fig. 7 (dvinlet,1 = 0.05) decays to the fixed
de perturbation. (b) Corresponding time evolution of inlet flow velocity in



Fig. 8. (a) Time evolution of n0(t) � n0s and n1(t) at point B for large amplitude perturbation. (b) Corresponding time evolution of inlet flow velocity in
channel 1.

15 It is well known that the beating phenomenon is observed when two
frequencies or more, with very close values, exist.
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point, and the large amplitude perturbation (dvinlet,1 = 0.7)
in Fig. 8 leads to growing amplitude oscillations for n0(t)
and vinlet,1(t). However, in both cases, the first mode
decreases rapidly. As discussed above, this is because of
the dominance of the term associated with the second pair
of complex conjugate eigenvalues, coutV out;n1

ekoutt, with
Re(kout) < 0.
The evolution of flow inlet velocity in channel 1 is seen to
experience the beating phenomenon15 in the first 150 s
(Figs. 7b and 8b), because during this time interval, the term
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associated with the pair of complex conjugate eigenvalues
associated with the out-of-phase mode ðcoutV out;vinlet;1

ekouttÞ
has a magnitude comparable to that associated with the
in-phase mode term ðcinV in;vinlet;1

ekintÞ.

5. Summary and conclusions

An extended reduced order model has been developed to
simulate the different types of instabilities encountered in
BWRs, viz. nuclear-coupled thermal-hydraulic instabilities
in the reactor core. The 22-ODE model comprises three
main parts: spatial lambda-mode neutron kinetics with
the fundamental and first azimuthal modes, fuel heat con-
duction dynamics, and core thermal-hydraulics based on a
drift flux model representation of the two-phase flow.

The thermal-hydraulic part of the model has been vali-
dated against appropriate experimental data and also com-
pared with several other analytical models, developed
earlier for simulating thermal-hydraulic instabilities. This
validation study shows that thermal-hydraulic model pre-
dictions are in good agreement with the experimental
results for large values of Nsub and, for lower values, agree
better than most of the earlier analytical models. In partic-
ular, it was seen that the present extension of the Karve
ROM, employing a drift flux model for two-phase flow
(instead of a homogeneous equilibrium model), provided
considerably improved results, especially for high inlet
mass flow rates.

Stability and semi-analytical bifurcation analyses have
been performed using the bifurcation analysis code BIFDD
to determine the stability limits for both in-phase and out-
of-phase oscillation modes, as well as the nature of PAH
bifurcation. The results obtained show that both sub-
and supercritical PAH bifurcations are encountered in dif-
ferent regions of the parameter space. Furthermore, it has
been seen also that analysing the properties of the elements
of the eigenvectors gives complete information on the type
of oscillation mode (in-phase or out-of-phase) without
solving the set of ODEs. A clear distinction is thereby made
between in-phase and out-of-phase oscillation modes, on
the one hand, and the fundamental and first azimuthal neu-
tronics modes on the other hand.

Numerical integration of the set of 22 ODEs has been
carried out using a Matlab code based on the Gear’s algo-
rithm to solve stiff problems. The results obtained con-
firmed the findings of the semi-analytical bifurcation
analysis.
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